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1.  Compute a6 . a2 , eq \f(a6,a2) , eq \f(a2,a2) , and eq \f(a2,a6)  to learn about laws of exponents. and definitions of zero and negative exponents.

2.  Test properties about exponents:

     Expand ((x + y)2 ) yields x2 + 2xy + y2 

3.   Bernhard Kutlzer scaffolding to learn how to solve equations.  (See http://b.kutzler.com)
       Example:  Solve 5x = 20

5x = 20  ENTER
5x = 20  ENTER

- 5 ENTER
/ 5 ENTER

yields 5x – 5 = 15
yields x = 4

4.  An interesting problem:  How many zeros are on the end of 100! ? 

     CAS can give all the digits.  How many digits are there?  Can the machine count them?

     This problem led to the introduction of the log function for a talented 5th grader!

5.  Evaluate eq \f(52!,13! 39!)  , in a probability problem about playing cards.

6.  Factor 11,111 into primes when exploring repeating decimals (to see which fractions will repeat in blocks of 5 digits).

 The constant feature on the TI-89/92 : 

Repeated addition (as on many graphing calculators):

10 ENTER 
+  2  ENTER ENTER ENTER ENTER ENTER……
generates 10, 12, 14, 16, 18, 20, …

7.  expressions

a ENTER 
+ a  ENTER ENTER ENTER ENTER ENTER……
generates a, 2a, 3a, 4a, 5a, 6a, …

a ENTER 
* a ENTER ENTER ENTER ENTER ENTER……

generates a, a2, a3, a4, a5, a6, …

8.  arithmetic progressions

a ENTER 
+ d  ENTER ENTER ENTER ENTER ENTER……
generates a, a + d, a + 2d, a + 3d, a + 4d, a + 5d, …

9.  geometric progressions

a ENTER 
* r  ENTER ENTER ENTER ENTER ENTER……

generates a, ar, ar2, ar3, ar4, ar5,  …

10.  Pascal’s triangle and the binomial theorem

x + y ENTER
* (x + y)  ENTER ENTER ENTER ENTER ENTER…

generates x + y, (x + y)2, (x + y)3, (x + y)4, (x + y)5, (x + y)6, …

x + y ENTER
Expand(* (x + y)  ENTER ENTER ENTER ENTER ENTER……)

generates 

x + y 

x2 + 2xy + y2 

x3 + 3x2y + 3xy2 + y3 

x4 + 4x3y + 6x2y2 + 4xy3 + y3 

…

11.  Complex numbers, powers of i

i ENTER
* i ENTER ENTER ENTER ENTER ENTER…

generates i, -1, -i, 1, i, …

This can also be done without CAS on many graphing calculators. 

12.  Investigating factoring.  If we take a random quadratic with single-digit coefficients, what is the (experimental) probability it will factor?

Use Factor(randPoly(x, 2)) ENTER ENTER ENTER ENTER ENTER…ENTER twenty times, and see how many times the quadratic factors into two linear factors.  Sample output:

-2x2 + 7x –5
no

-2 (4x2 – x –1)
no

(x – 3) (4x + 3)
yes

…

Remember, you can find randPoly using the catalog.

13.  Defining and using formulas.

Examples:  Define vsphere(r) = 4/3 ( r3.  Then vsphere(10)  =  eq \f(4000(,3) .

                   Define vcyl(r, h) = ( r2 h .  then vcyl(10, 3) = 300(.
14.  Credit card or loan payments

Use a graphing calculator to compute the monthly balance on an original balance of $1000 with 1% monthly interest and a payment of $50.  The multiplier is 100% + 1% = 101%  = 1.01.

1000 ENTER

* 1.01 - 50 ENTER ENTER ENTER ENTER ENTER…

1000, 960, 919.60, 878.80, 837.58, 795.96, …

so, for example, after five payments of $50 the balance is $795.96.

In general using CAS, let a = the original balance, r = interest rate for payment period, and n = number of payments.  The multiplier is m = 1 + r.

a ENTER

* m - p ENTER ENTER ENTER ENTER ENTER…

generates

a

am – p

am2 – mp – p

am3 – (m2 + m + 1) p
am4 – (m3 + m2 + m + 1) p
am5 – (m4 + m3 + m2 + m + 1) p

am6 – (m5 + m4 + m3 + m2 + m + 1) p

…

 so if the loan is paid in six months, the balance will be zero, so 

am6 – (m5 + m4 + m3 + m2 + m + 1) p= 0

Solving for p gives p =  eq \f(am6,m5 + m4 + m3 + m2 + m + 1) 
Applying the formula for the sum of a geometric series results leads to (as described later)

p =  eq \f(a m6 (1 - m), 1- m6)  =   eq \f(a m6 (m - 1), m6 - 1) ,the formula for paying off in six payments.

Similarly, the formula for paying in n payments is p =  eq \f(a mn (m - 1), mn - 1) , or in terms of a, r, and n,

Define payment(a, r, n) =  eq \f(a . r .  (r + 1 ) n,(r + 1 ) n - 1) .  Is this algebra content?  Should it be?!
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15.  Evaluate lim ( eq \f(1,n) . eq \f(k2,n2)  , for k = 1 to n as n (( , to show the definition  of  eq \i(0,  1,x2 dx)  as shown in the figure. (This idea comes from Michael Waters, who developed it in a high school classroom in response to a question from a student.)
Excerpts from a draft of “To CAS or not to CAS”, by J. Schultz

to appear in a forthcoming book on Computer Algebra Systems, NCTM

Background

Ever since hand-held calculators first appeared in the 1970s, people (at least outside of school classrooms) have used them to perform the four basic arithmetic operations.  Paper-and-pencil skills have largely given way to calculator skills, while mental arithmetic remains important.  Computation with calculators and the basic operations is tied to problem solving and estimation:  which operation(s) should be performed?   Is the answer reasonable?  There is every reason to expect that over time an analogous thing will happen with regard to CAS, this time with the technology supplanting numerical, algebraic, calculus, and other computations .  Yet indications are that this is slow in coming.

A comparison of the NCTM Standards of 1989 and 2000 suggests that the 1989 Curriculum and Evaluation Standards offer strong support for graphics calculators, the most powerful tool for school mathematics widely available at the time of the writing, while the 2000 Principles and Standards position offer only mild support for CAS, currently the most powerful tool available [Waits, circulated email message reference, used with permission].  Yet there are examples of successful use of CAS at the middle and high school levels, largely in other countries [cite Australia and Austria references].  (As an aside, perhaps the greater use in Australia and Austria suggests that we are moving alphabetically through the list of countries, which would mean that the United States has a long time to go.)  

References to CAS in this article refer to the standard -- often hand-held – versions rather than to versions specifically enhanced for pedagogical purposes.  Though these machines often have graphing utilities available, the thrust of this article is symbolic manipulation, specifically things that cannot be done on a graphing calculator.


Perspectives on Hand-held Technology

One of the first uses of hand-held technology to gain acceptance is performing tasks formerly done using tables.  This includes finding square roots, logarithms, and trigonometric functions.  In years past students learned to use tables combined with other techniques to compute.  For example, (80 could be obtained by multiplying 4(5, where (5 was obtained from a table (or even memorized).  Similarly, log 124 could be obtained as 2.0934 by writing 124 as 1.24 x 102, giving a  “mantissa” of .0934 and a “characteristic” of 2.  Also sine 23o 30’ could be obtained by interpolating between sine 23o and sine 24o.  The three techniques – however mathematically interesting or uninteresting they may have been – are now essentially subsumed by the calculator.  

Taking   eq \r(80)  as an example, what should well-prepared students know in this technological age? Four things come to mind:  They should be capable of using the calculator to find (80 correctly.  They should reason that  eq \r(80)  is slightly less than  eq \r(81)  , so as to be able to estimate that the number produced by the calculator is reasonable.  This in turn requires knowing  eq \r(81)  without a calculator.  Finally, they should know the concept of square root and when to use it in a problem solving setting. Perhaps the scenario goes something like this: 

 “If a square room has an area of 80 square feet, how long is each side?”  Representing this problem uses the square root concept so we need (80.  The calculator gives about 8.944, which seems reasonable, since we expect an answer slightly less than  eq \r(81)  = 9.”

Analogously, the three conditions will be illustrated for solving 60 x 1.02x  = 70 using CAS.  A scenario for this problem might go like this:

“If the population of the country of Turkey is about 60 million and growing at a rate of 2% per year, in how many years will it reach 70 million?”  This situation can be represented by an equation involving an exponential function with a multiplier of 1.02, since each year the population will be 102% of the previous year.   Write the equation 60 x 1.02x  = 70 to model the situation.  Using CAS to

solve 60 x 1.02x  = 70 for x gives 7.78 (to two decimal places).  To check, observe that the growth in the first year will be 2% of 60, or 1.2.  So an overall growth from 60 to 70 should occur when x is between 5 and 10 years, so the answer of about 8 years seems reasonable.

Solving an important problem using CAS:

Problem:  For a home loan of $100,000 at 9% annual interest what are the payments for 30 years? 15 years?  How much is saved? 

Solution:  Using CAS to solve the equation once the formula is determined involves installing it in the students’ machines using the Define function. It can then be called when needed.  In this example a TI-92 display is shown in the figure, computing the payment for a $100,000 at 9% interest per year for 30 years using the payment formula.
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Note that the monthly interest rate is 9% ( 12 and the number of payments is 30 years * 12 payments per year, input which is acceptable on this machine.

30 years:  360 payments of $804.62 results in a total payback of $289,663.20, so the total interest paid is $189,663.20.  

15 years:  180 payments of  $1014.27 results in a total payback of  $182,568.60, so the total interest is $82,568.60.  

So by paying an additional $210 per month, saves $10,794 in interest charges!  Thus increasing the payments by only about 25% saves well over 50% of the interest.  This valuable lesson and others like it are far more accessible with CAS as an available tool.   Moreover, consumers having CAS available in a hand-held version could empower them in shopping for loans and considering finance charges.
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